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Example

What kind of triangle is this?

Answer

Since the three sides are all the same length, this is an equilateral triangle.
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Questions
Define, with reasons, the following triangles:

a)

b)

o

1.5
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d)
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Answers

a) Since there are only two sides of the same length, this is an isosceles triangle.

b) Due to the fact that the side lengths form a Pythagorean triple (and this has been shown

by the square in the right-angle vertex), this is a right-angle triangle. Since the side

lengths are all different, this is also a scalene triangle.

c) Since the side lengths are all different, this is a scalene triangle.

d) Due the fact that the side lengths follow Pythagoras’s theorem, this is a right-angle

triangle. Since two of the side lengths are the same lengths, this is also an isosceles

triangle.
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Example
A right-angled triangle has two shorter side lengths of 3 and 5. The angle between the shortest
side length and the hypotenuse is labelled as ¢.

Find the angle ¢ and the length of the hypotenuse.

—

Answer

Using Pythagoras’ Theorem (a2 + b® = ¢2), we have that the hypotenuse, ¢, is equal to the square
root of a2 + b?,

a2+b°=3%+5%=9+25=36 = c2

c=V36=6

(We know that potentially ¢ = v/36 = —6, however since it is representing a length, we must only

use the positive value for c, since lengths are always positive.)

Note: When all 3 side lengths of a right-angled triangle are whole numbers, we call them a
Pythagorean triple. Examples include {3, 5 and 6}, {3, 4 and 5} and {5, 12 and 13}.

We calculate the angle by using one of the sine, cosine or tangent ratios. We may use any here,
as we have all 3 side lengths. We label the sides: the side of length 3 is adjacent to the angle o,
the side length of 5 is opposite the angle ¢, and the side length of 6 is the hypotenuse.
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P 6

hypotenuse
3

adjacent

5  opposite
We then use the tangent rule:

opposite
adjacent

tan(o) = g

Therefore, ¢ = tan™ (g) =59.036°.
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Questions

1. Find the length of the hypotenuse on a right-angled triangle with shorter side lengths 1 and
2.

hypotenuse

2
2. Aright-angled triangle has a hypotenuse of length 10, and a shorter side length of length 8.

The angle opposite the side of length 8 is labelled as ¢. Find the length of the other shorter

side and the size of the angle ¢.

7 :
3. Aright-angled triangle has a hypotenuse of length 15 and a shorter side that is length 4.

What are the sizes of the internal angles in degrees?

4. Aright-angled triangle has a hypotenuse of length 10. The internal angles are 40°, 50° and

90°. What are the lengths of the shorter sides?
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o0°
10

40° M

5. Aright-angled triangle has internal angles of size 65°, 25° and 90°. The side that is
adjacent to the 65° angle is length 2. What are the lengths of the other sides?

65°
2
25 I_
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Answers

1.

Using Pythagoras’ Theorem, we have that a? + b? = c2. Therefore, c2=12+2%°=1+4=5,
and so the hypotenuse (c), is ¢ = /5.

Using Pythagoras’ Theorem, we have a? + 8%=10% s0a2=100-64 =236, and soa=
V36 =6.

We calculate the angle using the sine ratio: sin(¢) = —222_= 2

hypotenuse 10’ and so

® = sin”’ (%) =53.13°,

We begin by calculating the size of angle A. Since we have the length of the hypotenuse

and the length of the side that is adjacent to the angle A, we use the cosine ratio:

_ adjacent _ i _ 1 (i) _ o
cos(A) Fopotonass . 15" and so, A = cos T 74.534°,

We then calculate the size of angle B. We could do this using the sine ratio, however, we
know that the internal angles of a triangle sum to 180°, and so we just need to calculate
180° - 90° - 74.534° = 15.466°.

We begin with the side that is opposite the angle that is 40°. Since we have the angle, the

hypotenuse, and we want the opposite side, we use the sine ratio:

sin(40°) = st Oppl?te. Therefore, the opposite side length is calculated by

hypotenuse

10 x sin(40°) =10 x 0.643 =6.43.

We calculate the other side length by using Pythagoras’ Theorem. a2 + 6.43% = 102, and so,
a=+v100-41.345=+68.6551=7.659.

We begin by calculating the length of the hypotenuse:

. opposite 2
in(25°) = =
S ( 5 ) hypotenuse hypotenuse’

sin(25°)  0.423 4.728.

and so, hypotenuse =

We can now use Pythagoras’ Theorem to calculate the final side length: a2 + 2% =4.728?,

and so, a =v4.728% - 2° =\/22.354 - 4 =/18.354 = 4284,
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Example
Find the length of side x.

Answer

We use the sine rule:

a b
sin(4)  sin(B)

Plugging in the values that we know, we have:
x 4
sin(70)  sin(60)

We then multiply both sides by sin(70):
4 sin(70)
sin(60)
We compute this using a calculator, to get:
x = 4.34.
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Questions
1. Atriangle has two sides of the same length. The other side is length 5, and is opposite an
angle of 120°. The other two angles are both 30°. What is the length of one of the sides that

are the same length?

2. Find the size of the angle A (in radians):

3. Find the two possible degrees for the angle B in radians.
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4. How many solutions are there for the angle 6? What are they?

8
2.5
T
30
9
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Answers

1. We can draw a diagram:

120°
30°
2
. . . a 5s5in(30)
We use the sine rule to find the side length: — == , thereforea = —————,
sin(30) sin(120) sin(120)

which means that a = 2.89 (rounded to 2 decimal places).

(5)

3
2. Using the sine rule, we have that = ﬂ), and then we rearrange to get

sin(4) sin(z

(35)sin(3)
3
A =sin™?! G) = g.

> =

(22)(2
1
= sin(A4). We can simplify this to get 72 =2 = sin(A). Finally, we find

6 7 7sin(2?ﬂ)
3. Using the sine rule, — (zﬂ , which gives us sin(B) =
St

n ?) - sin(B)

. This gives us B =

7 2
sin™t (%(9» = 0.848°¢. The other answer, due to the nature of the sine function, is given

by x, = m — x; (where x; and x, are the two answers). Therefore, the answers are 0.848¢
and m® — 0.848¢ = 2.29¢,
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Note: There is only one possible angle size for question 2 because the other potential

. T 51 . 5m 9w 13w . .
angleis T — Pl and if we sum the two known angles we get " + T 12 Since this

. . . 57 .
is larger than &, and the internal angles of a triangle add up to ¢, we know that ?n is not a

valid solution.

9 sin(%)

2.5

951'71(l

4. sin(0) = —30)> = 0.386°. If there is another solution, it

, So therefore 6 = sin‘1< —

will be found by m — 0.386 = 2.756¢. We can test this by adding the known internal angles:

2.756 + % = 2.861¢. Since this is less than m, 2.756°¢ is a potential answer, and so the angle

can be 0.386¢ or 2.756¢.
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Example

Find the size of angle C:

Answer

Using the cosine rule, we have a? = b? + ¢? — 2bc cos(4A).

We fill in the information we have: (\/37)2 =72 432 -2x7x3xcos(4).

49+9-37 T

,and so A = cos™?! (%) =-

We rearrange and simplify, to get cos(4) = 3
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Questions
1. Find the side length a:

53]
joi]

B0°

3

What kind of triangle is this?

2. Find the side length c:

3. Find the size of angle B in degrees:

2
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4. Find the size of each internal angle in degrees:

3

3y3
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Answers

1. We find a using the cosine rule: a? = b? + ¢? — 2bc cos(A). Filling in the information that we

are given, we have a? = 32 + 62 — 2 x 3 X 6 X cos(60), so a? =9 + 36 —? = 27, and

therefore a = V27 = 3v/3.

To tackle the issue of defining the type of triangle, we can check for some of the more
common defining features of triangles. We know that the side lengths are 3, 6, and 3+v/3.
Since these lengths are distinct (ie not the same as each other) we know this cannot be an
equilateral or isosceles triangle. We may check if they follow Pythagoras’s theorem by
adding the squares of the two shorter sides and seeing if this is equal to the square of the

longer side:

32 4 (3\/5)2 =9 + 27 = 36 = 62. Therefore, the three side lengths follow Pythagoras’s
theorem. We perform a final check on the angle opposite the longest side length before
defining the triangle:

c? =a?+ b? — 2ab cos(C)

62 = (3V3)" +32 — 2 x 3v3 x 3 x cos(C)
Rearranging, we get
27 +9—36 —0
183

Therefore, C = 90°, and we define the triangle as a right-angle triangle. We can also say

cos(C) =

that this triangle is a scalene triangle since all three sides are different lengths.

2. ¢2=a?+b?—-2abcos(C)
Therefore, in this question, ¢? = 12 + 32 — 2 x 1 X 3 x cos(45) = 10 — 3v/2.

So, the length of ¢ is v 10 — 3v/2.
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_ _ b%+4c%-a?
3. We rearrange the cosine rule to give us cos(4) = ~be
2
_ o 12422.(vV3)" 1
In this case, this gives us cos(A) = = —. Therefore, we have that A =
2x1x2 2
-1 l — o
cos (2) =60°
4. We find the angle opposite 3v/3:
32432_(3v3)° -1 _
cos(A) = (3v3) =—.We find A = cos™? (—1) =120°
2Xx3X%X3 2 2

We may have noticed that we have two side lengths that are equal. By the properties of

isosceles triangles, we know that the other two angles must therefore be the same size, so

180-120

we can find them by B=C = = 30°.

If we were not aware of this property, we could find a second angle in the same way we

found the first:

2
3v3) +32-32 3
(3V3) =2 We then find B = cos~? (ﬁ) = 30°.
2%x34/3%3 2 2

cos(B) =
We can then find the final angle by using the fact that the internal angles in a triangle add
up to 180°: 180° - 120° — 30° = 30°.

Alternatively, we could use the cosine rule again to find the final angle.
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Support: Study Development offers workshops, short courses, 1 to 1 and small group tutorials.

e Join a tutorial or workshop on the Study Development tutorial and workshop webpage or
search ‘YSJ study development tutorials.’

Access our Study Success resources on the Study Success webpage or search ‘YSJ study

success.’
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